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We have a general knowledge of the principles by which catalysts accelerate the rate of chemical
reactions but no precise understanding of the geometrical and physical constraints to which their
design is subject. To analyze these constraints, we introduce a minimal model of catalysis based on
elastic networks where the implications of the geometry and flexibility of a catalyst can be studied
systematically. The model demonstrates the relevance and limitations of the principle of transition-
state stabilization: optimal catalysts are found to have a geometry complementary to the transition
state but a degree of flexibility that non-trivially depends on the parameters of the reaction as
well as on external parameters such as the concentrations of reactants and products. The results
illustrate how simple physical models can provide valuable insights on the design of catalysts.
Catalysts, which increase the rate of chemical reactions
without being part of their products, are essential to bi-
ological processes as well as to the industrial production
of most chemicals. We have a general theory of catalysis,
transition-state theory [1, 2], and detailed knowledge of
the mechanisms by which many catalysts operate, in par-
ticular enzymes [3]. We also have an increasing capacity
to model and numerically simulate catalytic processes at
an atomic level [4]. Yet, basic questions pertaining to the
existence of fundamental geometrical and physical con-
straints to catalysis are still the object of speculations:
To what extent does efficient catalysis require catalysts
to be rigid? [5] Or thermally stable? [6] Does it impose
a minimal size on catalysts? [7] Is catalysis subject to a
general rate-accuracy trade-off? [8]
Answers to such questions would help us uncovering
the design principles of natural enzymes [9], directing
the experimental evolution of novel enzymes [10], and
clarifying the conditions under which life can emerge [11].
Missing is a theoretical framework that is sufficiently
elaborate to account for geometric and physical con-
straints, yet sufficiently simple to allow for a systematic
comparison of varied geometries and physical designs.
For this purpose, the low-dimensional phase-space for-
mulation of transition-state theory is too abstract, as it
does not refer explicitly to the spatial architecture of cat-
alysts. The atom-level description of models studied by
molecular dynamic simulations is, on the other hand, too
detailed, as it prohibits computational exploration of a
large number of architectures.
An alternative lies in the simplified physical models de-
veloped to study properties of proteins other than catal-
ysis, notably folding [12], binding [13] and allostery [14].
Particularly insightful are elastic network models, which
approximate molecules by a network of beads interact-
ing through elastic springs [15]. In their different guises,
these models have provided conceptual and quantita-
tive insights into several features of proteins, including
thermal fluctuations [16], conformational changes [17],
unfolding kinetics [18, 19], specificity [20, 34] and al-
lostery [21, 22].
Here we propose to adapt the framework of elastic net-
work models to study catalysis. We illustrate this pro-
posal by defining and solving a one-dimensional model
of catalysis. Our model may be viewed as a reformula-
tion and systematic analysis of a model of strain-induced
catalysis first suggested by Haldane [23] and later partly
formalized by Gavish [24–26]. While deliberately mini-
mal, the model addresses a key design challenge: an ef-
ficient catalyst must stabilize the transition state of the
reaction to accelerate it but also bind to the reactant and
release the product. These conflicting demands lead to
non-trivial constraints on flexibility, which our model re-
capitulates. The model also demonstrates how the opti-
mal design of a catalyst depends, beyond the mechanisms
of the reaction, on the conditions under which catalysis
occurs. Our analysis is limited to one dimension but the
model is straightforward to extend, if not to solve, in two
or three dimensions. Our approach thus complements
other bottom-up studies of catalysis [24, 27] towards a
better understanding of the geometrical and physical con-
straints to which proficient catalysts are subject.
I. GENERAL FRAMEWORK
Analyzing the physical and geometrical constraints to
efficient catalysis requires a physical model that specifies
the range of designs to be examined and a criterion to
quantify catalytic efficiency. Our choices in defining such
a model are guided by a principle of simplicity, the goal
being to obtain a physically coherent framework where a
large number of different architectures can effectively be
explored and compared.
A. Physical model
Elastic network models are one of the simplest phys-
ical models where geometry, strain and energy can be
related. They consist of beads interacting through elas-
tic springs and have been extensively used to study the
internal motions of proteins [15]. Each spring is charac-
terized by two parameters, a spring constant and a free
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FIG. 1: Elastic network model of catalysis – The reaction
S −⇀↽ P is defined on the top. The reactant S consists of two
beads connected by two springs (here represented by vertical
lines). One spring (in red) breaks when its extension exceeds
a threshold, which results in the product P . The system is
subject to thermal fluctuations and the reaction may thus oc-
cur spontaneously. A catalyst E (in blue) similarly consists of
two beads connected by a spring. Each bead of the catalyst
can interact with one bead of the substrate through a break-
able spring (in red) that forms when the distance between
the two beads is below a threshold and breaks when their dis-
tance is above this same threshold. Six non-equivalent states
can be distinguished, S +E, ES′, ES, EP , EP ′ and P +E,
depending on whether each type of breakable spring is broken
or not.
length. Varying the number of beads and the parameters
of the springs that connect them allows for the sampling
of a large number of designs, including networks approx-
imating three-dimensional protein structures [15]. Here,
we propose to describe not only a catalyst, but also its
substrate and their interaction within a common elastic
network model. To this end, we assume that each spring
has a maximal extension above which it breaks and below
which it reforms. More precisely, each spring contributes
to the total energy by k(|x| − l)2/2 − k(z − l)2/2 if the
extension x satisfies |x| < z and 0 if |x| > z, where k > 0
is the spring constant, l > 0 the free length and z > l
the maximal extension. When the beads are subject to
Brownian motion, which accounts for their interaction
with a solvent, bonds may thus break or form as a result
of thermal fluctuations.
The rupture of a bond between two beads defines an
elementary chemical reaction. To have a single product
as well as a single reactant, we consider a case where
this rupture does not compromise the connectivity of the
substrate. This is achieved by assuming that a second
unbreakable bond (with infinite maximal extension) links
the two beads: the presence of the two springs then de-
fines the reactant S while the absence of the breakable
spring defines the product P (Fig. 1, top line).
In this framework, the simplest catalyst also consists
spring free maximal
constant length extension
substrate scissile bond ka 0 za
substrate non-scissile bond kr lr ∞
catalyst internal bond ke le ∞
substrate-catalyst interaction ki 0 zi
TABLE I: Eight parameters of the elastic network model –
Each bond has three parameters: a spring constant k, a free
length l that defines an elastic interaction and a maximal
extension z > l beyond which this interaction is no longer
present. The substrate consists of two beads connected by
two bonds, one scissile (za <∞) and the other not (zr =∞).
The catalyst consists of two beads connected by a single bond.
The interaction between the beads of the substrate and those
of the substrate are described by breakable springs. The free
lengths of breakable springs is taken to be zero.
of just two beads joined by a single unbreakable spring.
To describe its interaction with the substrate, either in
the form of the reactant S or the product P , we assume
that each bead of the catalyst can interact through a
breakable spring with one, and only one, of the beads of
the substrate (Fig. 1).
In total, our elastic network model thus comprises four
beads and five springs, three of which being effectively
absent if their extension exceeds a given threshold. As-
suming the breakable springs to have a vanishing free
length, the model is then specified by 8 parameters (Ta-
ble I).
B. Criteria for catalytic efficiency
There is no intrinsically optimal catalyst. Depending
on the set-up, and not just the reaction to be catalyzed,
different criteria are relevant for scoring catalytic activ-
ity. Optimizing these different criteria generally leads to
different optimal designs.
Consider for instance a measure of catalytic efficiency
commonly adopted in enzymology, the ratio k+cat/K
+
M . It
assumes that the rate v = ∂p/∂t at which the concentra-
tion of products p increases depends on the concentration
of reactants s and on the total concentration e0 of cata-
lysts by Michaelis-Menten equation [28],
v =
k+cate0s
K+M + s
. (1)
The ratio k+cat/K
+
M then characterizes the initial rate of
the reaction, when s K+M . In general, however, Eq. (1)
indicates that the rate v depends on the concentration s
of reactants. The ratio k+cat/K
+
M should indeed be gener-
ally interpreted as a measure of specificity rather than a
measure of catalytic efficiency [29].
To see how optimizing k+cat/K
+
M may lead to unphysical
results, consider the simplest case where Eq. (1) arises,
3under the scheme E + S
k1−−⇀↽−
k−1
ES
k2−→ E + P , where the
complex ES is assumed to be in a quasi-steady state [28].
In this case, k+cat = k2 and K
+
M = (k−1 + k2)/k1. Taking
k−1 = 0, we obtain k+cat/K
+
M = k1, which is independent
of k2. Formally, k
+
cat/K
+
M can thus be made arbitrarily
large by minimizing k−1 and maximizing k1, irrespective
of k2, even though k2 controls an essential step and k2 = 0
means that no catalysis takes place. The catch is in the
assumption s  K+M , which underlies the choice of the
ratio k+cat/K
+
M as a measure of catalytic efficiency. When
k−1 = 0, this assumption implies s  k2/k1, which de-
pends on k2 and is certainly not satisfied when k2 = 0.
This simple example illustrates the need to consider ex-
plicitly the concentration s of reactants to obtain physi-
cally meaningful results [39]. As a corollary a family of
optimal designs is defined, which depend on the concen-
tration s of reactants, and not just on the mechanisms of
the reaction. More generally, optimal designs also depend
on the concentration p of products, which is assumed to
be p = 0 in Eq. (1).
Here, we choose to treat the concentrations and of re-
actants s and products p as two fixed parameters and to
score catalytic activity by the rate v = ∂p/∂t at which
the product is formed. This assumes a reservoir of re-
actants and products, so that their concentrations are
constant despite the reactions that consume or produce
them. This is, however, not the only possible choice. One
may alternatively consider a closed-system with an initial
concentration of reactants and score the concentration of
products after a fixed time, or consider a chemostat with
a fixed in-flow of reactants and catalysts, a fixed dilution
rate and score the out-flow of products.
II. SOLVABLE ONE-DIMENSIONAL MODEL
The model presented in Figure 1 is defined in any di-
mension. We study it here in one dimension, where it
has only three independent internal degrees of freedom
and can be solved analytically. The details of this so-
lution are presented in the appendices and we focus be-
low on the results and assumptions on which they rely.
While these assumptions constrain the range of examined
designs, they are justified a posteriori by the finding of
locally optimal designs within their range of validity.
A. Uncatalyzed reaction
In one dimension, a substrate is characterized by a sin-
gle internal degree of freedom, the distance x0 between
its two beads, and five physical parameters, the spring
constants ka and kr of the two springs that connect the
two beads, their free lengths la and lr, and the maximal
extension za of the breakable spring (a stands for “attrac-
tive” and r for “repulsive”). Without loss of generality,
we assume la = 0 (Table I). The number of parameters
x0
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FIG. 2: Potential for the uncatalyzed reaction S −⇀↽ P – The
potential U(x0) is a function of the extension x0 of the sub-
strate. The two states S and P are defined by x0 < za and
x0 > za respectively, with the transition between the two
defining the reaction S −⇀↽ P . The parameters (Table I) for
this graph are ka = 2, za = 3, lr = 6, kr = 1. When com-
puting escape rates, we assume a smooth curvature ω+ at
the transition state x0 = za, where the value of ω+ is fixed
independently of the other parameters (Appendix 2).
can be further reduced to two by considering adimen-
sional quantities (Appendix 1).
As long as the distance x0 between the two beads satis-
fies |x0| < za, the two springs are present and equivalent
to a single spring with effective parameters
kar = ka + kr, lar =
krlr
ka + kr
. (2)
We assume 0 < lar < za < 2lar so that a substrate
with initial extension x0 = lar is more likely to break
(x0 > za) than to invert the relative position of its two
beads (x0 < 0); in this approximation, the interaction
potential between the beads is harmonic (Appendix 1).
For the reactant and the product to be stable, the equilib-
rium distance with and without the scissile bond must be
respectively below and beyond the breaking point, which
imposes lar < za < lr. Additionally, we choose parame-
ters so that the state with a broken bond is the state of
lowest energy (Appendix 1 and Fig. 2).
We compute the rates of transition between states us-
ing Kramers’ escape formula [30], which assumes that
the time scales of relaxation within each state are much
smaller then the transition rates. This is valid provided
barrier heights are large compared to kBT , where T
is the temperature and kB Boltzmann’s constant (Ap-
pendix 2). This leads to the forward and reverse rates
ρ+u (for S → P ) and ρ−u (for P → S) given by
ρ+u =
√
kare
βkar(za−lar)2/2,
ρ−u =
√
kre
βkr(za−lr)2/2, (3)
where β = (kBT )
−1. In these formulae, the unit of time
is chosen so that the viscosity γ of the solvent and the
curvature ω+ of the potential at the barrier do not ap-
pear explicitly (Appendix 2). Given these rates, the re-
action S → P is thermodynamically favored provided
4p/s < Keq where s and p are the concentrations of the
reactant S and product P , and where Keq = ρ
+
u /ρ
−
u is
the equilibrium constant of the reaction.
In what follows, we consider as parameters of the re-
action (Table I) the values ka = 2, za = 3, lr = 6, kr = 1
and β = 2 so that lar = 2 and kar = 3 in Eq. (2). These
values, which satisfy the different assumptions that we
make (Fig. S1), correspond to the potential shown in
Figure 2.
B. Catalysis
The catalyst is characterized by the spring constant
ke and free length le of the unbreakable spring that con-
nects its two beads (Fig. 1). Each of these beads can
interact with only one bead of the substrate and the two
interactions are described by equivalent breakable springs
with spring constant ki, free length li = 0 and maximal
extension zi (Table I). We assume that the catalyst is
rigid enough to maintain the relative position of its beads
(kBT  kel2e/2, Appendix 3).
The system formed by the catalyst and the substrate
can possibly be in 23 states, depending on whether each
of the 3 scissile bonds is broken or not. Given the equiva-
lence between the two bonds by which the substrate and
the catalyst interact, these 8 states define 6 physically
distinct states (Appendix 4 and Fig. 1). These physical
states are well-defined if they are associated with local
minima of the potential, and we consider parameters for
which this is the case (Appendix 4).
When all 6 states are well-defined, the catalysis is the
result of the series of reactions
E+S
ρ+0−−⇀↽−
ρ−1
ES′
ρ+1−−⇀↽−
ρ−2
ES
ρ+2−−⇀↽−
ρ−3
EP
ρ+3−−⇀↽−
ρ−4
EP ′
ρ+4−−⇀↽−
ρ−5
E+P (4)
where the intermediate states ES′, ES, EP , EP ′ are il-
lustrated in Figure 1. The transitions ES′ −⇀↽ EP ′ are
ignored, which is justified when the rates ρ±u of the un-
catalyzed reaction are negligible compared to the rates of
the catalyzed reaction, i.e., ρ+1  ρ+u and ρ−4  ρ−u . We
assume ρ+0 = 1 and ρ
−
5 = 1 [40] and obtain the other rates
by application of Kramers’ escape formula (Appendix 5).
Under the assumptions that the concentrations e0 of
catalysts (under their different forms), s of reactants and
p of products are maintained constant and that the con-
centrations of all intermediates are at steady state, the
rate v = ∂p/∂t of product formation takes the form (Ap-
pendix 6)
v
e0
=
k+cats/K
+
M − k−catp/K−M
1 + s/K+M + p/K
−
M
. (5)
The parameters of this reversible Michaelis-Menten equa-
tion [28] depend on the 8 spring parameters given in Ta-
ble I via the rates in Eq. (4). They also depend on the
temperature of the solvent but not on its viscosity, nor
E + S  ES0
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FIG. 3: Rates of transition between states as a function of
the flexibility ki of the interaction between substrates and
catalysts – A. Rates ρ±σ for the series of transitions given
in Eq. (4). As ki increases, the rate ρ
+
2 of forward catalysis
ES → EP increases (full red line), along with the rate ρ−3 of
reverse catalysis ES ← EP (dotted green line), but the rates
of product release EP → EP ′ (full green line) and EP ′ →
E + P (full cyan line behind the blue dotted line) decrease.
B. Michaelis-Menten parameters defined by Eq. (5). Each
parameter has a maximum for an intermediate value of ki.
In these graphs, the parameters of the substrate are as in
Fig. 2 and those of the catalyst other than ki are given by
Eq. (6). Note that the rates are not independent but satisfy∏
σ ρ
+
σ /
∏
σ ρ
−
σ = (k
+
catK
−
M )/(K
+
Mk
−
cat) = Keq where Keq is
the equilibrium constant of the uncatalyzed reaction (Haldane
relationship).
on the curvature of the potential near the activation bar-
riers, which we assume to be identical for all barriers
(Appendix 2).
III. OPTIMAL DESIGNS OF 1D CATALYSTS
To characterize optimal designs within the model, we
maximize the reaction rate v over the four parameters
of the catalyst: ke, le, which characterize its flexibility
and geometry, and ki, zi, which characterize the strength
and range of its interaction with the substrate (Table I).
The optimum generally depends on the four physical pa-
rameters of the substrate, ka, za, kr, lr (Table I), on the
concentrations s, p at which the reactant S and product
P are present, and on the temperature T of the solvent,
represented by β = 1/(kBT ).
For the substrate, we consider the parameters of Fig-
ure 2, ka = 2, za = 3, kr = 1, lr = 6, which correspond to
parameters kar = 3 and lar = 2 for the effective bond of
the reactant [Eq. (2)]. For the medium, we first consider
the parameters s = 10−1, p = 0 and β = 2. With these
values, we find a locally optimal design (Fig. S2) that
satisfies all the assumptions involved in the derivation of
5x
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FIG. 4: Energy landscape of a system substrate-catalyst for
an optimal catalyst with infinite rigidity – The two degrees of
freedom are the distance x0 between the two beads of the sub-
strate (the reaction coordinate) and the relative position x1
between a bead of the catalyst and the bead of the substrate
with which it interacts. The relative position x2 between the
other bead of the catalyst and the other bead of the sub-
strate is given by x2 = lˆe−x0−x1 where lˆe is the fixed length
of the rigid catalyst. The different states are separated by
black lines corresponding to the thresholds beyond which one
of the three scissile bonds of the model ruptures: x0 = za,
x1 = ±zi and x2 = ±zi. Here, we distinguish between the
two states ES1, ES2 and EP1, EP2 instead of subsuming them
under common states ES′ and EP ′. The parameters are as
in Figure 3 with ki = 13 and the reference U = 0 is taken to
corresponds to the minimal energy of the state E + S.
the rate v: kˆe =∞, lˆe = 3, kˆi ' 13, zˆi = 0.5.
This solution is consistent with the proposal that an
optimal catalyst must stabilize the transition state of
the reaction [31, 32]: the catalyst is maximally rigid
(kˆe =∞) with a length that matches that of the transi-
tion state (lˆe = za). Additionally, the range of interac-
tion zˆi is adapted to the free length of the substrate:
lˆe − 2zˆi = lar. The value of the optimal interaction
strength kˆi is, on the other hand, less obvious to inter-
pret. It takes a finite value, contrary to what a na¨ıve
application of the principle of transition-state stabiliza-
tion would predict. The optimal value of ki represents
indeed a trade-off between the need to stabilize the tran-
sition state, which requires rigidity, and the need to re-
lease the product, which requires flexibility (Fig. 3). The
energy landscape associated with this optimal design can
be represented in two dimensions as a rigid catalyst with
kˆe = ∞ leaves only two independent internal degrees of
freedom (Fig. 4).
Varying the different parameters around the above
values, we verify that the relationships associated with
transition-state stabilization,
kˆe =∞, lˆe = za, zˆi = za − lar
2
(6)
v
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FIG. 5: A. Reaction rate v for the catalyzed reaction as a
function of the interaction strength ki for three different con-
centrations s of the reactant (and no product, p = 0), showing
that the optimal value of ki depends on s. For ki smaller than
the dashed vertical line, the state EP is unstable and the re-
action does not follow the scheme of Eq. (4). B. Optimal
interaction strength kˆi as a function of s.
are always nearly satisfied, while kˆi is, on the other
hand, parameter-dependent (Figs. S3-S4). We analyze
in what follows the determinants of the optimal interac-
tion strength kˆi assuming that the other parameters of
the catalyst are given by Eq. (6).
A. Dependence on concentrations
Varying the concentration s of reactants at vanishing
concentration of products (p = 0), we find that ki has a
non-trivial maximum kˆi that decreases with s (Fig. 5). In
particular, in the limit s→ 0 where the problem is equiv-
alent to optimizing the specificity constant k+cat/K
+
M , we
have kˆi → ∞: the strength of the interaction between
substrate and catalyst becomes infinite. This result il-
lustrates how optimizing the ratio k+cat/K
+
M can lead to
unphysical designs as, in this limit, a catalyst is unable
to release its product (Fig. 3).
A non-zero concentration of products (p 6= 0) intro-
duces an additional constraint, product inhibition. For
catalysis to take place, p should be small enough for the
reaction to be thermodynamically favored: p/s < Keq,
where Keq = ρ
+
u /ρ
−
u is the equilibrium constant of the
uncatalyzed reaction S
ρ+u−−⇀↽−
ρ−u
P . Under this condition,
we find that kˆi is a decreasing function of both s and p
(Fig. 6).
B. Dependence on physical parameters
The dependence of kˆi on the physical parameters of the
substrate ka, za, kr, lr (Table I) is shown in Figure 7. The
results are at first sight counter-intuitive. When increas-
ing ka, for instance, the activation barrier becomes higher
but the interaction strength kˆi of the optimal catalyst
becomes weaker. Similarly, increasing za increases the
activation barrier but is again associated with a smaller
6s
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FIG. 6: Optimal values of the interaction strength kˆi and
optimal reaction rate vˆ as a function of the concentration s
of reactants and p of products. The white triangle in the
upper left corner corresponds to p/s > Keq, where Keq is the
equilibrium constant of the uncatalyzed reaction S −⇀↽ P , in
which case the reaction rate v cannot possibly be positive.
kˆi. On the other hand, substrates with increased kr or lr
have a lower activation barrier but are associated with a
larger kˆi.
To rationalize these results, note that varying ka, za, kr
or lr implies not only a different optimal interaction
strength kˆi but, from Eq. (6), a different optimal ex-
tension lˆe = za and a different optimal interaction range
zˆi = (za − lar)/2 (Figs. S3-S4). If instead of considering
kˆi(ka) = arg max
ki
v(zi = (za − lar)/2, ka) (7)
where lar depends on ka [Eq. (2)], as in the red curve of
the first panel of Figure 7, we consider
k˜i(ka) = arg max
ki
v(zi, ka) (8)
where zi is fixed, we obtain the blue curve, which is an in-
creasing function of ka. Mathematically, the observation
that stronger bonds are best broken by catalysts making
weaker interactions with their substrate is thus explained
by the difference between optimizing over a single vari-
able versus optimizing over all variables jointly. Physi-
cally, a stronger ka reduces the equilibrium length lar of
the reactant and the catalyst needs to be more flexible
to bind both to this smaller reactant and to the tran-
sition state whose location za is unchanged. Reasoning
on just one parameter may thus be misleading because
varying this parameter may have an incidence on multi-
ple steps of the catalytic cycle and some of these effects
may be compensated by varying other parameters. Mu-
tatis mutandis, similar arguments explain the non-trivial
dependence on the other parameters shown in Figure 7.
IV. DISCUSSION
We introduced a simple but general elastic network
framework for studying the geometrical and physical con-
straints to which efficient catalysts are subject and illus-
kˆi
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FIG. 7: Optimal interaction strength kˆi (in red) as a function
of the physical parameters of the substrate, the strength ka
of the scissile bond, its maximal extension za, the strength kr
of the non-scissile bond and its extension lr (Table I). When
varying a parameter of the substrate, all the optimal param-
eters of the catalyst, and not only kˆi, generally take different
values. If fixing these other variables and optimizing over
kˆi only as in Eq. (8), one obtains the blue curves that show
opposite trends. The top graphs can also be related to the
bottom graphs by noticing that the problem depends on the
parameters ka, za, kr and lr through the dimensionless quan-
tities ka/kr and lr/za [Eq. (S8)].
trated it with the analytical solution of an elementary
one-dimensional model.
The solution demonstrates the relevance and limita-
tions of the principle of transition-state stabilization,
which reduces catalysis to binding to (analogues of) the
transition state of the reaction [31, 32]. While we find
that the geometry of optimal catalysts matches the ge-
ometry of the transition state, consistent with this prin-
ciple, we also find that binding to this state should not be
maximized. Instead, some flexibility is needed to bind to
the reactant and release the product in addition to stabi-
lize the transition state. The additional constraints that
these requirements impose might explain why catalytic
antibodies selected for transition-state stabilization with
no consideration of product release are only modest cat-
alysts [33]. Binding to the reactant less than to the tran-
sition state but more than to the product, which are all
chemically similar, poses a problem of fine discrimina-
tion. As previously proposed [34], physical solutions to
such problems can rely on a conformational switch: this
is the case in the present model where the relative posi-
tions of the beads of the catalyst and the substrate are
swapped during the transition ES −⇀↽ EP (Fig. 1).
While the model is not meant to make quantitative
predictions, we note that the optimal strength of inter-
action between substrate and catalyst is systematically
larger than the strength of the bond to break; for in-
stance, in Figure 3B, k+cat is maximal for kˆi ' 5 ka. This
is in contrast to enzymes, which can catalyze the rupture
of covalent bonds by means of weaker non-covalent inter-
7actions. Introducing physical limitations on the strength
and length of the various bonds may thus contribute to
explain why enzymes are so large [7] and why they make
multiple interactions with their substrate. This line of
reasoning was first followed by Gavish who estimated how
much stress an enzyme can exert on a substrate based on
a similar toy model [25]; his analysis, however, does not
consider the full catalytic cycle and, in particular, the
need for the catalyst to be flexible to release the product.
Besides physical limitations, evolutionary limitations, in
particular the granularity of the sequence space, may also
be relevant to these questions [34].
Our model captures another feature of catalysis that
is likely to be very general: efficient catalysts are not
only optimized for the reaction but for the conditions
under which catalysis occurs. In the model, these con-
ditions include the temperature and the concentrations
of reactants and products, on which the optimal degree
of flexibility kˆi depends. In another set-up, these con-
centrations may not be maintained constant and other
parameters may be relevant, such as the concentration of
catalysts or the fluctuations due to low concentrations of
reactants [35].
At a physical level, approximating a molecule by an
elastic network is obviously an extreme oversimplifica-
tion. Enzymes, in particular, are arguably not purely
mechanical devices but as importantly electronic devices.
Harmonic potentials may describe small distortions of
charge distributions as well as mechanical strain, but
their particular form, as our simple treatment of the sol-
vent [36] or our omission of quantum effects [37] certainly
limit us to a subset of possible designs.
Within our mechanical framework, several extensions
of the model may, however, already be of interest. First,
our solution applies only under a number of assumptions
that guarantee a sequence of transitions, each described
by Kramers’ theory [30]. We showed that a locally opti-
mal solution exists within the range of validity of these
assumptions but did not exclude other solutions beyond
this range. Several additional constraints that are rele-
vant to enzymes would also be interesting to incorporate,
such as constraints on specificity for the substrate [3] or
long-term evolutionary constraints [38]. But going be-
yond one dimension is maybe the most obvious next step,
as a mechanical catalyst must not only apply sufficient
strain but orient this strain, which is trivial in one di-
mension but not in two or three dimensions. Extensions
of our model may thus provide further insights on the
physical principles of catalysis.
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9APPENDICES
1. Uncatalyzed reaction
In one dimension, the conformation of the substrate is characterized by the positions of its two beads xs1 and xs2.
The relevant degree of freedom is the distance between them, x0 = xs2 − xs1. When |x0| < za, the two springs are
present and the potential is of the form
U(x0) =
kar
2
(|x0| − lar)2 + Car (S1)
where
kar = ka + kr, lar =
krlr
ka + kr
, (S2)
and where Car is an arbitrary constant. We assume
0 < lar < za < 2lar (S3)
so that U(za) < U(0) and a substrate with initial extension x0 = lar is more likely to break (x0 > za) than to invert
the relative position of its two beads (x0 < 0). Under this assumption, Eq. (S1) can be simplified to the harmonic
potential
U(x0) =
kar
2
(x0 − lar)2 + Car. (S4)
When x0 > za, only one spring is present and the potential becomes
U(x0) =
kr
2
(x0 − lr)2 + Cr (S5)
where Cr is related to Car by a condition of continuity at x0 = za.
For the reactant and the product to be stable, the equilibrium points with and without the breakable spring must be
respectively below and beyond the breaking point, which imposes lar < za < lr. Additionally, requiring the product
to be the state of minimal energy imposes U(lr) < U(lar), i.e., kar(za − lar)2 < kr(za − lr)2.
Finally, we assume that the relaxation time is much smaller than the escape time, U(za) − U(lar)  kBT , i.e.,
kar(za − lar)2/2/ β−1. We can then apply Kramers’ escape formula (Appendix 2) to obtain the forward (S → P )
and reverse (P → S) rates of the uncatalyzed reaction as
ρ+u =
√
kare
βkar(za−lar)2/2, ρ−u =
√
kre
βkr(za−lr)2/2 (S6)
where β = (kBT )
−1. The unit of time is chosen here so that the viscosity γ of the solvent and the curvature ω+ of
the potential at the barrier do not appear explicitly (Appendix 2).
The uncatalyzed reaction involves 5 parameters, ka, za, kr, lr, β, but the 4 different assumptions
za < lr, lar < za, za < 2lar, kar(za − lar)2 < kr(za − lr)2 1 < βkar(za − lar)2/2, (S7)
can be formulated in terms of just 3 adimensional parameters,
k˜ = ka/kr, ˜`= lr/za, β˜ = βkaz
2
a/2, (S8)
as
1 < ˜`, ˜`− 1 < k˜, 2k˜ < ˜`− 1, 1− k˜2 < ˜`, ˜`< (1 + k˜)
[
1−
(
β˜(1 + k˜−1)
)−1/2]
. (S9)
These conditions are represented graphically in Fig. S1 for different values of β˜ (1 − k˜2 < ˜` is implied by 1 < ˜` and
`− 1 < k˜). The choice ka = 2, za = 2, kr = 1, β = 2 made in the main text corresponds to the red point at l˜ = 2 and
k˜ = 2 for β˜ = 18.
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FIG. S1: For the spontaneous reaction to satisfy the assumptions given in Eq. (S7), the parameters ka, za, kr, lr, β must be
chosen within the white region [see Eq. (S9)]. The choice made in the main text corresponds to the red dot in the graph with
β˜ = 18.
2. Kramers’ escape rate formula
Consider a particle in a potential U(x) subject to friction and to a random force satisfying the fluctuation-dissipation
theorem. In the limit of strong friction (over-damped regime), its dynamics is described by a Langevin equation of
the form
−ζ∂tx = −∂xU(x) +
√
2ζ/β ξ(t) (S10)
where ζ is the friction, which is proportional to the viscosity γ of the solvent, β = 1/(kBT ) with kB the Boltzmann
constant and T the temperature, and where ξ(t) is a Gaussian white noise with 〈ξ(t)ξ(t′)〉 = δ(t− t′).
We assume that the particle is initially at a local minimum of the potential located at the origin: x(t = 0) = 0 and
∂tx(t = 0) = 0. The potential is assumed to be smooth, with a local maximum at z0 and we consider the rate ρ0
at which the particle crosses the barrier at z0 to reach a second minimum at x1 > za. Assuming the barrier height
∆U+ = U(z0)− U(0) to verify ∆U+  kBT , Kramers’ escape formula gives in the high-friction limit (ζ  ω+) [30]
ρ0 =
ω0ω+
2piζ
e−β∆U
+
(S11)
where ω20 = ∂
2
xU(x = 0) is the curvature of the potential at the local minimum x = 0 and ω
2
+ = −∂2xU(x = z0) at the
local maximum x = z0.
This formula cannot be applied directly to a potential of the form U(x) = k0x
2/2 if x < z0 and U(x) = k1(x −
`)2/2 + C if x > z0, since ω
2
+ = −∂2xU(x = z0) is not defined. As the discontinuity at the barrier is not physically
relevant, it is simpler and as relevant to assume that the barrier is smooth with a curvature ω+ that is independent
of the other parameters k0 and z0. We therefore consider as rate of escape
ρ0 =
ω+
2piζ
√
k0e
−βk0z20/2. (S12)
As we assume the same curvature ω+ for all activation barriers, the prefactor ω+/ζ is common to all the reaction
rates and we can effectively ignore it by setting the unit of time such that ω+/ζ = 2pi.
3. Interaction substrate-catalyst
If xs1 < xs2 and xe1 < xe2 are, respectively, the positions of the two beads of the substrate and of the catalyst,
it is convenient to consider as variables the extension x0 of the substrate and the distances x1 and x2 between the
interacting beads of the substrate and catalyst,
x0 = xs2 − xs1,
x1 = xs1 − xe1, (S13)
x2 = −xs2 + xe2,
where the last sign is chosen to have xe2 − xe1 = x0 + x1 + x2. With these variables, the potential of the system is of
the form
U(x0, x1, x2) =
k0
2
(x0 − l0)2 + k1
2
x21 +
k2
2
x22 +
ke
2
(x0 + x1 + x2 − le)2 + C. (S14)
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k0 l0 k1 k2
E + S x0 < za |x1| > zi |x2| > zi kar lar 0 0
ES1 x0 < za |x1| < zi |x2| > zi kar lar ki 0
ES2 x0 < za |x1| > zi |x2| < zi kar lar 0 ki
ES x0 < za |x1| < zi |x2| < zi kar lar ki ki
EP x0 > za |x1| < zi |x2| < zi kr lr ki ki
EP1 x0 > za |x1| < zi |x2| > zi kr lr ki 0
EP2 x0 > za |x1| > zi |x2| < zi kr lr 0 ki
E + P x0 > za |x1| > zi |x2| > zi kr lr 0 0
TABLE II: Values of the parameters k0, l0, k1, k2 in the formula of the total potential U(x), Eq. (S14). The 8 different cases are
defined by the first four columns where x0 is the extension of the substrate and x1, x2 the two distances between the interacting
beads of the substrate and catalyst. For instance, ES1 corresponds to a substrate in state S (x0 < za) that interacts with the
catalyst through their first beads (|x1| < zi) but not through their second (|x2| > zi), in which case k0 = kar, l0 = lar, k1 = ki
and k2 = 0, where lar and kar are given by Eq. (2).
To specify the parameters in this formula, a total of 23 = 8 cases must be distinguished, depending on whether each
of the 3 breakable springs is formed or not. The values of k0, l0, k1, k2 in each of these cases are given in Table II.
The constants C also differ in each case and are set to ensure the continuity of the potential. Note that we make here
two harmonic approximations, for the substrate and the catalyst, which are justified provided za  2lar (x0 > za
is more likely than x0 < 0) and kBT  kel2e/2 (the catalyst is rigid enough to be unlikely to go from xe1 < xe2 to
xe1 > xe2).
4. States of the system
Given the equivalence of the two bonds by which the substrate and the catalyst can interact, the 8 different states
defined in Table II represent only 6 physically distinct states. The two states ES1 and ES2 where the substrate S
is attached through a single end to the catalyst E can indeed be described by a single state ES′, and the two states
EP1 and EP2 where P is attached by a single end to E by EP
′ (Fig. 1). These states are physically meaningful if
they are associated with local minima of the potential, which corresponds to the conditions given by the last columns
of Table III, where Ln is in each case the value of xn that minimizes the potential. The formulae for Ln are
L0 =
k−0le + k0l0
K0
, K0 = k−0 + k0,
L1 =
k−1(le − l0)
K1
, K1 = k−1 + k1, (S15)
L2 =
k−2(le − l0)
K2
, K2 = k−2 + k2,
with the values of k0, l0, k1, k2 for each state σ given in Table III and with
k−1−n = k
−1
e +
∑
m 6=n
k−1m (S16)
where the sum is over m = 0, 1, 2, excluding m = n. For instance, k−1 = (k−1e + k
−1
0 + k
−1
2 )
−1 = kek0k2/(kek0 +
kek2 + k0k2), which is 0 when k0 = k2 = 0.
To obtain these formulae, consider
Vn(xn) = min{xm}m6=n
U(x0, x1, x2) (S17)
for U(x0, x1, x2) given by Eq. (S14). Vn(xn) can be rewritten as
Vn(xn) =
1
2
Kn(xn − Ln)2 + Cn. (S18)
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σ k0 l0 k1 k2 L0 < za |L1| < zi |L2| < zi
E + S 0 kar lar 0 0 1 0 0
ES′ 1 kar lar ki 0 1 1 0
ES 2 kar lar ki ki 1 1 1
EP 3 kr lr ki ki 0 1 1
EP ′ 4 kr lr ki 0 0 1 0
E + P 5 kr lr 0 0 0 0 0
TABLE III: Properties of the 6 distinct states σ that the substrate-catalyst complex may take. The first columns give the
values that k0, l0, k1, k2 take in the formula for the potential U(x0, x1, x2), Eq. (S14). ES
′ and EP ′ each represent two cases,
respectively ES1, ES2 and EP1, EP2. The three last columns give conditions for the states to be (meta)stable with 0/1
indicating that the condition L0 < za, |L1| < zi or |L2| < zi must be violated/satisfied, where the Ln are given by Eq. (S15).
We derive the expression for Kn and Ln as a function of k0, l0, k1, k2, ke, le for n = 0, 1 (the case n = 2 is obtained
from the case n = 1 by exchanging k1 and k2) by repeated use of the formula
1
2
k1(x− l1)2 + 1
2
k2(x− l2)2 = 1
2
k1|2(x− l1|2)2 + 1
2
k1−2l21−2 (S19)
with the following notations:
ka|b = ka + kb, la|b =
kala + kblb
ka + kb
, ka−b =
kakb
ka + kb
, la−b = lb − la. (S20)
This formula implies
min
x
[
1
2
k1(x− l1)2 + 1
2
k2(x− l2)2
]
=
1
2
k1−2l21−2. (S21)
We first apply Eq. (S21) to obtain
min
x2
U(x0, x1, x2) =
1
2
k0(x0 − l0)2 + 1
2
k1x
2
1 +
1
2
k2−e(x0 + x1 − le)2, (S22)
and then Eq. (S19) followed by Eq. (S21) to obtain
V0(x0) = min
x1,x2
U(x0, x1, x2) =
1
2
k0(x0 − l0)2 + 1
2
k1−2−e(x0 − le)2 (S23)
=
1
2
k0|(1−2−e)
(
x0 − k0l0 + k1−2−ele
k0 + k1−2−e
)2
+
1
2
k0−1−2−e(le − l0)2, (S24)
V1(x1) = min
x0,x2
U(x0, x1, x2) =
1
2
k0−2−e(x1 − le + l0)2 + 1
2
k1x
2
1 (S25)
=
1
2
k1|(0−2−e)
(
x1 − k0−2−e(le − l0)
k1 + k0−2−e
)2
+
1
2
k0−1−2−e(le − l0)2. (S26)
From these equations, we read
K0 = k0|(1−2−e) = k0 + k1−2−e, L0 =
k0l0 + k1−2−ele
k0 + k1−2−e
, (S27)
K1 = k1|(0−2−e) = k1 + k0−2−e, L1 =
k0−2−e(le − l0)
k1 + k0−2−e
. (S28)
Introducing
k−n =
k−1e + ∑
m 6=n
k−1m
−1 , (S29)
we have k1−2−e = k−0, k0−2−e = k−1, and therefore Eq. (S15).
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σ  n µ
ES′ → E + S 1 - 1 0
ES′ → ES 1 + 2 2
ES → ES′ 2 - 2 1
ES → EP 2 + 0 3
EP → ES 3 - 0 2
EP → EP ′ 3 + 2 4
EP ′ → EP 4 - 2 3
EP ′ → E + P 4 + 1 5
TABLE IV: The 8 possible rates ρ in Eq. (4) are indexed by the initial state σ and a direction  = ±. They are associated in
Eq. (S33) with two parameters n and µ defined in this table.
5. Transition rates
Under the assumption that all 6 intermediate states are local minima of the potential, we have the chain of reactions
illustrated in Figure 1,
E + S
ρ+0−−⇀↽−
ρ−1
ES′
ρ+1−−⇀↽−
ρ−2
ES
ρ+2−−⇀↽−
ρ−3
EP
ρ+3−−⇀↽−
ρ−4
EP ′
ρ+4−−⇀↽−
ρ−5
E + P. (S30)
Here the transition rates ρσ are labeled by the initial state σ and by the direction  of the transition. Note that the
transitions ES′ −⇀↽ EP ′ are ignored, which is justified when the spontaneous rates ρ±0 are negligible compared to the
catalyzed rates, i.e., ρ+1  ρ+0 and ρ−4  ρ−0 .
We treat each transition as a unidimensional problem of barrier crossing by considering only the most likely
trajectory. If we assume that the first beads (n = 1) are always the first and last to be attached, the relevant
dimensions, or “reaction coordinates”, are x0 (n = 0) for ES
ρ+2−−⇀↽−
ρ−3
EP , x1 (n = 1) for E+S
ρ+0−−⇀↽−
ρ−1
ES′, EP ′
ρ+4−−⇀↽−
ρ−5
E+P ,
and x2 (n = 2) for ES
′ ρ
+
1−−⇀↽−
ρ−2
ES, EP
ρ+3−−⇀↽−
ρ−4
EP ′. The effective potential along one of these dimensions is
Vn(xn) = min{xm}m6=n
U(x0, x1, x2) (S31)
which is equivalently written
Vn(xn) =
1
2
Kn(xn − Ln)2 + Cn (S32)
where Kn and Ln are given by Eq. (S15).
Using Kramers’ escape formula (Appendix 2), the rates are then given by
ρσ = qµ
√
Kn exp
(
−βKn(zn − φn(Ln))
2
2
)
. (S33)
Here, qµ is a multiplicity factor that accounts for the fact that ES
′ and EP ′ cover two cases; the mapping (σ, ) 7→ µ
is given in Table IV and the mapping µ 7→ qµ in Table III. n labels the reaction coordinate; the mapping (σ, ) 7→ n
is given in Table IV and the values of k0, l0, k1, k2 to be used in Eq. (S15) to obtain Ln and Kn are given in Table III.
Finally, the mappings n 7→ zn and n 7→ φn are given in Table V; zn specifies the relevant threshold, za or zi while
φn(x) = x or |x|. The need for an absolute value arises because two thresholds ±zi are involved when considering
n = 1, 2; the most relevant is the one that minimizes Vn(xn), which has the sign of Ln, and the formula rests on the
observation that (sign(Ln)zn − Ln)2 = (zn − |Ln|)2.
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n zn φn(x)
0 za x
1 zi |x|
2 zi |x|
TABLE V: Definitions of zn and φn(x) used in Eq. (S33), where the mapping (σ, ) 7→ n is given in Table IV.
6. Reaction rate
The concentrations of the different chemical species satisfy
∂t[S] = −ρ+0 [E][S] + ρ−1 [ES′],
∂t[ES
′] = ρ+0 [E][S]− (ρ−1 + ρ+1 )[ES′] + ρ−2 [ES],
∂t[ES] = ρ
+
1 [ES
′]− (ρ−2 + ρ+2 )[ES] + ρ−3 [EP ],
∂t[EP ] = ρ
+
2 [ES]− (ρ−3 + ρ+3 )[EP ] + ρ−4 [EP ′], (S34)
∂t[EP
′] = ρ+3 [EP ]− (ρ−4 + ρ+4 )[EP ′] + ρ−5 [E][P ],
∂t[P ] = ρ
+
4 [EP
′]− ρ−5 [E][P ].
By redefining s = [S] and p = [P ], we can always assume that ρ+0 = 1 and ρ
−
5 = 1.
We consider the steady-state solution upon a fixed total concentration of catalysts,
[E] + [ES′] + [ES] + [EP ] + [EP ′] = e0. (S35)
The formula for the rate of production v = ∂t[P ] as a function [S] = s, [P ] = p and e0 can for instance be obtained
by the diagrammatic method of King and Altman [28]. It yields
v
e0
=
ρ+1 ρ
+
2 ρ
+
3 ρ
+
4 s− ρ−1 ρ−2 ρ−3 ρ−4 p
κ0 + κss+ κpp
(S36)
with
κ0 = ρ
−
1 ρ
−
2 ρ
−
3 ρ
−
4 + ρ
−
1 ρ
−
2 ρ
−
3 ρ
+
4 + ρ
−
1 ρ
−
2 ρ
+
3 ρ
+
4 + ρ
−
1 ρ
+
2 ρ
+
3 ρ
+
4 + ρ
+
1 ρ
+
2 ρ
+
3 ρ
+
4 , (S37)
κs = ρ
+
1 ρ
+
2 ρ
+
3 + ρ
−
2 ρ
−
3 ρ
−
4 + ρ
−
2 ρ
−
3 ρ
+
4 + ρ
−
2 ρ
+
3 ρ
+
4 + ρ
+
2 ρ
+
3 ρ
+
4 + ρ
+
1 ρ
−
3 ρ
−
4 + ρ
+
1 ρ
−
3 ρ
+
4 + ρ
+
1 ρ
+
3 ρ
+
4 + ρ
+
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−
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+
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+
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+
4 ,
κp = ρ
−
1 ρ
−
2 ρ
−
3 + ρ
−
1 ρ
−
2 ρ
+
3 + ρ
−
1 ρ
+
2 ρ
+
3 + ρ
+
1 ρ
+
2 ρ
+
3 + ρ
−
2 ρ
−
3 ρ
−
4 + ρ
−
1 ρ
−
3 ρ
−
4 + ρ
+
1 ρ
−
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−
4 + ρ
−
1 ρ
−
2 ρ
−
4 + ρ
−
1 ρ
+
2 ρ
−
4 + ρ
+
1 ρ
+
2 ρ
−
4 .
This equation has the form a reversible Michaelis-Menten equation
v
e0
=
k+cats/K
+
M − k−catp/K−M
1 + s/K+M + p/K
−
M
(S38)
where k+cat, K
+
M , k
−
cat and K
−
M are given by
k+cat =
ρ+1 ρ
+
2 ρ
+
3 ρ
+
4
κs
, k−cat =
ρ−1 ρ
−
2 ρ
−
3 ρ
−
4
κp
, K+M =
κ0
κs
, K−M =
κ0
κp
. (S39)
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FIG. S2: Dependence of the rate v of product formation on the different parameters of the catalyst, ki, zi, le and ke for ka = 2,
za = 3, kr = 1, lr = 6, β = 2, s = 0.1, p = 0 and e0 = 1. Here we consider zˆi = (za − lar)/2 = 3, lˆe = za = 3, kˆe = ∞
and kˆi ' 13 and vary alternatively each of these parameters. The graphs show that these values of the parameters define a
local optimum of v. In these graphs, the reaction rate is arbitrarily set to v = 0 when one of the states becomes unstable and
Eq. (S36) is therefore no longer applicable.
s
<latexit sha1_base64="ub7LDu 40f3QepJoDr92rTLCNNL4=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LIgiMsWbC3UIsl0WoemSZiZCKXoD7jVbxP/QP/CO2MKahGdkO TMufecmXtvmEZCac97LTgLi0vLK8XV0tr6xuZWeXunrZJMMt5iSZTIT hgoHomYt7TQEe+kkgfjMOJX4ejMxK/uuFQiiS/1JOW9cTCMxUCwQBPV VDflilf17HLngZ+DCvLVSMovuEYfCRgyjMERQxOOEEDR04UPDylxPUy Jk4SEjXPco0TajLI4ZQTEjug7pF03Z2PaG09l1YxOieiVpHRxQJqE8iR hc5pr45l1Nuxv3lPrae42oX+Ye42J1bgl9i/dLPO/OlOLxgCntgZBNa WWMdWx3CWzXTE3d79UpckhJc7gPsUlYWaVsz67VqNs7aa3gY2/2UzDm j3LczO8m1vSgP2f45wH7VrVP6rWmseVei0fdRF72MchzfMEdVyggZb1 fsQTnp1zJ3KUk32mOoVcs4tvy3n4AFu6j2w=</latexit>
p
<latexit sha1_base64="K9Rz+8 T9GWlTMExGqSWU01svXOk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LIgiMsWbC3UIsl0WodOk5BMhFL0B9zqt4l/oH/hnXEKahGdkO TMufecmXtvmEiRKc97LTgLi0vLK8XV0tr6xuZWeXunncV5yniLxTJOO 2GQcSki3lJCSd5JUh6MQ8mvwtGZjl/d8TQTcXSpJgnvjYNhJAaCBYqo ZnJTrnhVzyx3HvgWVGBXIy6/4Bp9xGDIMQZHBEVYIkBGTxc+PCTE9TA lLiUkTJzjHiXS5pTFKSMgdkTfIe26lo1orz0zo2Z0iqQ3JaWLA9LElJc S1qe5Jp4bZ83+5j01nvpuE/qH1mtMrMItsX/pZpn/1elaFAY4NTUIqi kxjK6OWZfcdEXf3P1SlSKHhDiN+xRPCTOjnPXZNZrM1K57G5j4m8nUr N4zm5vjXd+SBuz/HOc8aNeq/lG11jyu1Gt21EXsYR+HNM8T1HGBBlrG +xFPeHbOHelkTv6Z6hSsZhfflvPwAVSaj2k=</latexit>
 
<latexit sha1_base64="RO/dK8 kVGHXsLgHj4xx3jPDhHxU=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgRlxVMG2hLTJJp3VomoTJRCnFjT/gVr9M/AP9C++MKahFdE KSM+fec2buvX4SilQ5zmvBWlhcWl4prpbW1jc2t8rbO800zmTAvSAOY 9n2WcpDEXFPCRXydiI5G/shb/mjMx1v3XKZiji6UpOE98ZsGImBCJgi yuv6XLHrcsWpOmbZ88DNQQX5asTlF3TRR4wAGcbgiKAIh2BI6enAhYO EuB6mxElCwsQ57lEibUZZnDIYsSP6DmnXydmI9tozNeqATgnplaS0cUC amPIkYX2abeKZcdbsb95T46nvNqG/n3uNiVW4IfYv3Szzvzpdi8IAp6 YGQTUlhtHVBblLZrqib25/qUqRQ0Kcxn2KS8KBUc76bBtNamrXvWUm/ mYyNav3QZ6b4V3fkgbs/hznPGjWqu5RtXZ5XKnX8lEXsYd9HNI8T1DH ORrwyFvgEU94ti6sxLqzJp+pViHX7OLbsh4+AJK2kRk=</latexit>
kˆi
<latexit sha1_base64="LaZ1Ji qXQVGoz+P4Mw3F9Yzc7i4=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgxo1QwT7AlpJMp+3QNAnJRKjVpT/gVv9L/AP9C++MU1CL6I QkZ849587ce/04EKl0nNectbC4tLySXy2srW9sbhW3dxpplCWM11kUR EnL91IeiJDXpZABb8UJ98Z+wJv+6EzFmzc8SUUUXslJzDtjbxCKvmCe JKrVHnrSHnVFt1hyyo5e9jxwDSjBrFpUfEEbPURgyDAGRwhJOICHlJ5 ruHAQE9fBlLiEkNBxjnsUyJuRipPCI3ZE3wHtrg0b0l7lTLWb0SkBvQk 5bRyQJyJdQlidZut4pjMr9rfcU51T3W1Cf9/kGhMrMST2L99M+V+fqk Wij1Ndg6CaYs2o6pjJkumuqJvbX6qSlCEmTuEexRPCTDtnfba1J9W1q 956Ov6mlYpVe2a0Gd7VLWnA7s9xzoNGpewelSuXx6VqxYw6jz3s45Dm eYIqzlFDXc/xEU94ti6s1Lq17j6lVs54dvFtWQ8fTiuSKw==</latex it>
kˆi
<latexit sha1_base64="LaZ1Ji qXQVGoz+P4Mw3F9Yzc7i4=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgxo1QwT7AlpJMp+3QNAnJRKjVpT/gVv9L/AP9C++MU1CL6I QkZ849587ce/04EKl0nNectbC4tLySXy2srW9sbhW3dxpplCWM11kUR EnL91IeiJDXpZABb8UJ98Z+wJv+6EzFmzc8SUUUXslJzDtjbxCKvmCe JKrVHnrSHnVFt1hyyo5e9jxwDSjBrFpUfEEbPURgyDAGRwhJOICHlJ5 ruHAQE9fBlLiEkNBxjnsUyJuRipPCI3ZE3wHtrg0b0l7lTLWb0SkBvQk 5bRyQJyJdQlidZut4pjMr9rfcU51T3W1Cf9/kGhMrMST2L99M+V+fqk Wij1Ndg6CaYs2o6pjJkumuqJvbX6qSlCEmTuEexRPCTDtnfba1J9W1q 956Ov6mlYpVe2a0Gd7VLWnA7s9xzoNGpewelSuXx6VqxYw6jz3s45Dm eYIqzlFDXc/xEU94ti6s1Lq17j6lVs54dvFtWQ8fTiuSKw==</latex it>
zˆi
<latexit sha1_base64="zBWBphD/4JfAyDbFbLjDnRzZBAI=">AAAC y3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT6gLSVJp+3QvJhMhLa69Afc6n+Jf6B/4Z0xBbWITkhy5txz7sy91419nkjLes0ZS8srq2 v59cLG5tb2TnF3r5FEqfBY3Yv8SLRcJ2E+D1ldcumzViyYE7g+a7rjCxVv3jKR8Ci8kZOYdQNnGPIB9xxJVKszcqQ57fFesWSVLb3MRWBnoIRs 1aLiCzroI4KHFAEYQkjCPhwk9LRhw0JMXBcz4gQhruMM9yiQNyUVI4VD7Ji+Q9q1MzakvcqZaLdHp/j0CnKaOCJPRDpBWJ1m6niqMyv2t9wznV PdbUJ/N8sVECsxIvYv31z5X5+qRWKAc10Dp5pizajqvCxLqruibm5+qUpShpg4hfsUF4Q97Zz32dSeRNeueuvo+JtWKlbtvUyb4l3dkgZs/xzn ImhUyvZJuXJ9WqpWslHncYBDHNM8z1DFJWqo6zk+4gnPxpWRGFPj7lNq5DLPPr4t4+EDcemSOg==</latexit>
lˆe
<latexit sha1_base64="/Zx+aQqem5KtQRQDCUpYF9cpyQo=">AAAC y3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT7AlpJMp23oNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce/1YBFI5zmvOWlhcWl 7JrxbW1jc2t4rbOw0ZpQnjdRaJKGn5nuQiCHldBUrwVpxwb+wL3vRHZzrevOGJDKLwSk1i3hl7gzDoB8xTRLXaQ0/Zosu7xZJTdsyy54GbgRKy VYuKL2ijhwgMKcbgCKEIC3iQ9FzDhYOYuA6mxCWEAhPnuEeBvCmpOCk8Ykf0HdDuOmND2uuc0rgZnSLoTchp44A8EekSwvo028RTk1mzv+Wemp z6bhP6+1muMbEKQ2L/8s2U//XpWhT6ODU1BFRTbBhdHcuypKYr+ub2l6oUZYiJ07hH8YQwM85Zn23jkaZ23VvPxN+MUrN6zzJtind9Sxqw+3Oc 86BRKbtH5crlcalayUadxx72cUjzPEEV56ihbub4iCc8WxeWtG6tu0+plcs8u/i2rIcPRw2SKA==</latexit>
kˆi
<latexit sha1_base64="LaZ1Ji qXQVGoz+P4Mw3F9Yzc7i4=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgxo1QwT7AlpJMp+3QNAnJRKjVpT/gVv9L/AP9C++MU1CL6I QkZ849587ce/04EKl0nNectbC4tLySXy2srW9sbhW3dxpplCWM11kUR EnL91IeiJDXpZABb8UJ98Z+wJv+6EzFmzc8SUUUXslJzDtjbxCKvmCe JKrVHnrSHnVFt1hyyo5e9jxwDSjBrFpUfEEbPURgyDAGRwhJOICHlJ5 ruHAQE9fBlLiEkNBxjnsUyJuRipPCI3ZE3wHtrg0b0l7lTLWb0SkBvQk 5bRyQJyJdQlidZut4pjMr9rfcU51T3W1Cf9/kGhMrMST2L99M+V+fqk Wij1Ndg6CaYs2o6pjJkumuqJvbX6qSlCEmTuEexRPCTDtnfba1J9W1q 956Ov6mlYpVe2a0Gd7VLWnA7s9xzoNGpewelSuXx6VqxYw6jz3s45Dm eYIqzlFDXc/xEU94ti6s1Lq17j6lVs54dvFtWQ8fTiuSKw==</latex it>
zˆi
<latexit sha1_base64="zBWBphD/4JfAyDbFbLjDnRzZBAI=">AAAC y3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT6gLSVJp+3QvJhMhLa69Afc6n+Jf6B/4Z0xBbWITkhy5txz7sy91419nkjLes0ZS8srq2 v59cLG5tb2TnF3r5FEqfBY3Yv8SLRcJ2E+D1ldcumzViyYE7g+a7rjCxVv3jKR8Ci8kZOYdQNnGPIB9xxJVKszcqQ57fFesWSVLb3MRWBnoIRs 1aLiCzroI4KHFAEYQkjCPhwk9LRhw0JMXBcz4gQhruMM9yiQNyUVI4VD7Ji+Q9q1MzakvcqZaLdHp/j0CnKaOCJPRDpBWJ1m6niqMyv2t9wznV PdbUJ/N8sVECsxIvYv31z5X5+qRWKAc10Dp5pizajqvCxLqruibm5+qUpShpg4hfsUF4Q97Zz32dSeRNeueuvo+JtWKlbtvUyb4l3dkgZs/xzn ImhUyvZJuXJ9WqpWslHncYBDHNM8z1DFJWqo6zk+4gnPxpWRGFPj7lNq5DLPPr4t4+EDcemSOg==</latexit>
zˆi
<latexit sha1_base64="zBWBphD/4JfAyDbFbLjDnRzZBAI=">AAAC y3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT6gLSVJp+3QvJhMhLa69Afc6n+Jf6B/4Z0xBbWITkhy5txz7sy91419nkjLes0ZS8srq2 v59cLG5tb2TnF3r5FEqfBY3Yv8SLRcJ2E+D1ldcumzViyYE7g+a7rjCxVv3jKR8Ci8kZOYdQNnGPIB9xxJVKszcqQ57fFesWSVLb3MRWBnoIRs 1aLiCzroI4KHFAEYQkjCPhwk9LRhw0JMXBcz4gQhruMM9yiQNyUVI4VD7Ji+Q9q1MzakvcqZaLdHp/j0CnKaOCJPRDpBWJ1m6niqMyv2t9wznV PdbUJ/N8sVECsxIvYv31z5X5+qRWKAc10Dp5pizajqvCxLqruibm5+qUpShpg4hfsUF4Q97Zz32dSeRNeueuvo+JtWKlbtvUyb4l3dkgZs/xzn ImhUyvZJuXJ9WqpWslHncYBDHNM8z1DFJWqo6zk+4gnPxpWRGFPj7lNq5DLPPr4t4+EDcemSOg==</latexit>
lˆe
<latexit sha1_base64="/Zx+aQqem5KtQRQDCUpYF9cpyQo=">AAAC y3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT7AlpJMp23oNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce/1YBFI5zmvOWlhcWl 7JrxbW1jc2t4rbOw0ZpQnjdRaJKGn5nuQiCHldBUrwVpxwb+wL3vRHZzrevOGJDKLwSk1i3hl7gzDoB8xTRLXaQ0/Zosu7xZJTdsyy54GbgRKy VYuKL2ijhwgMKcbgCKEIC3iQ9FzDhYOYuA6mxCWEAhPnuEeBvCmpOCk8Ykf0HdDuOmND2uuc0rgZnSLoTchp44A8EekSwvo028RTk1mzv+Wemp z6bhP6+1muMbEKQ2L/8s2U//XpWhT6ODU1BFRTbBhdHcuypKYr+ub2l6oUZYiJ07hH8YQwM85Zn23jkaZ23VvPxN+MUrN6zzJtind9Sxqw+3Oc 86BRKbtH5crlcalayUadxx72cUjzPEEV56ihbub4iCc8WxeWtG6tu0+plcs8u/i2rIcPRw2SKA==</latexit>
lˆe
<latexit sha1_base64="/Zx+aQqem5KtQRQDCUpYF9cpyQo=">AAAC y3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT7AlpJMp23oNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce/1YBFI5zmvOWlhcWl 7JrxbW1jc2t4rbOw0ZpQnjdRaJKGn5nuQiCHldBUrwVpxwb+wL3vRHZzrevOGJDKLwSk1i3hl7gzDoB8xTRLXaQ0/Zosu7xZJTdsyy54GbgRKy VYuKL2ijhwgMKcbgCKEIC3iQ9FzDhYOYuA6mxCWEAhPnuEeBvCmpOCk8Ykf0HdDuOmND2uuc0rgZnSLoTchp44A8EekSwvo028RTk1mzv+Wemp z6bhP6+1muMbEKQ2L/8s2U//XpWhT6ODU1BFRTbBhdHcuypKYr+ub2l6oUZYiJ07hH8YQwM85Zn23jkaZ23VvPxN+MUrN6zzJtind9Sxqw+3Oc 86BRKbtH5crlcalayUadxx72cUjzPEEV56ihbub4iCc8WxeWtG6tu0+plcs8u/i2rIcPRw2SKA==</latexit>
s
<latexit sha1_base64="ub7LDu40f3QepJoDr92rTLCNNL4=">AAAC xHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIgiMsWbC3UIsl0WoemSZiZCKXoD7jVbxP/QP/CO2MKahGdkOTMufecmXtvmEZCac97LTgLi0vLK8 XV0tr6xuZWeXunrZJMMt5iSZTIThgoHomYt7TQEe+kkgfjMOJX4ejMxK/uuFQiiS/1JOW9cTCMxUCwQBPVVDflilf17HLngZ+DCvLVSMovuEYf CRgyjMERQxOOEEDR04UPDylxPUyJk4SEjXPco0TajLI4ZQTEjug7pF03Z2PaG09l1YxOieiVpHRxQJqE8iRhc5pr45l1Nuxv3lPrae42oX+Ye4 2J1bgl9i/dLPO/OlOLxgCntgZBNaWWMdWx3CWzXTE3d79UpckhJc7gPsUlYWaVsz67VqNs7aa3gY2/2UzDmj3LczO8m1vSgP2f45wH7VrVP6rW mseVei0fdRF72MchzfMEdVyggZb1fsQTnp1zJ3KUk32mOoVcs4tvy3n4AFu6j2w=</latexit>
s
<latexit sha1_base64="ub7LDu40f3QepJoDr92rTLCNNL4=">AAAC xHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIgiMsWbC3UIsl0WoemSZiZCKXoD7jVbxP/QP/CO2MKahGdkOTMufecmXtvmEZCac97LTgLi0vLK8 XV0tr6xuZWeXunrZJMMt5iSZTIThgoHomYt7TQEe+kkgfjMOJX4ejMxK/uuFQiiS/1JOW9cTCMxUCwQBPVVDflilf17HLngZ+DCvLVSMovuEYf CRgyjMERQxOOEEDR04UPDylxPUyJk4SEjXPco0TajLI4ZQTEjug7pF03Z2PaG09l1YxOieiVpHRxQJqE8iRhc5pr45l1Nuxv3lPrae42oX+Ye4 2J1bgl9i/dLPO/OlOLxgCntgZBNaWWMdWx3CWzXTE3d79UpckhJc7gPsUlYWaVsz67VqNs7aa3gY2/2UzDmj3LczO8m1vSgP2f45wH7VrVP6rW mseVei0fdRF72MchzfMEdVyggZb1fsQTnp1zJ3KUk32mOoVcs4tvy3n4AFu6j2w=</latexit>
p
<latexit sha1_base64="K9Rz+8T9GWlTMExGqSWU01svXOk=">AAAC xHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIgiMsWbC3UIsl0WodOk5BMhFL0B9zqt4l/oH/hnXEKahGdkOTMufecmXtvmEiRKc97LTgLi0vLK8 XV0tr6xuZWeXunncV5yniLxTJOO2GQcSki3lJCSd5JUh6MQ8mvwtGZjl/d8TQTcXSpJgnvjYNhJAaCBYqoZnJTrnhVzyx3HvgWVGBXIy6/4Bp9 xGDIMQZHBEVYIkBGTxc+PCTE9TAlLiUkTJzjHiXS5pTFKSMgdkTfIe26lo1orz0zo2Z0iqQ3JaWLA9LElJcS1qe5Jp4bZ83+5j01nvpuE/qH1m tMrMItsX/pZpn/1elaFAY4NTUIqikxjK6OWZfcdEXf3P1SlSKHhDiN+xRPCTOjnPXZNZrM1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aNeq/lG1 1jyu1Gt21EXsYR+HNM8T1HGBBlrG+xFPeHbOHelkTv6Z6hSsZhfflvPwAVSaj2k=</latexit>
p
<latexit sha1_base64="K9Rz+8T9GWlTMExGqSWU01svXOk=">AAAC xHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIgiMsWbC3UIsl0WodOk5BMhFL0B9zqt4l/oH/hnXEKahGdkOTMufecmXtvmEiRKc97LTgLi0vLK8 XV0tr6xuZWeXunncV5yniLxTJOO2GQcSki3lJCSd5JUh6MQ8mvwtGZjl/d8TQTcXSpJgnvjYNhJAaCBYqoZnJTrnhVzyx3HvgWVGBXIy6/4Bp9 xGDIMQZHBEVYIkBGTxc+PCTE9TAlLiUkTJzjHiXS5pTFKSMgdkTfIe26lo1orz0zo2Z0iqQ3JaWLA9LElJcS1qe5Jp4bZ83+5j01nvpuE/qH1m tMrMItsX/pZpn/1elaFAY4NTUIqikxjK6OWZfcdEXf3P1SlSKHhDiN+xRPCTOjnPXZNZrM1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aNeq/lG1 1jyu1Gt21EXsYR+HNM8T1HGBBlrG+xFPeHbOHelkTv6Z6hSsZhfflvPwAVSaj2k=</latexit>
 
<latexit sha1_base64="RO/dK8kVGHXsLgHj4xx3jPDhHxU=">AAAC yHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgRlxVMG2hLTJJp3VomoTJRCnFjT/gVr9M/AP9C++MKahFdEKSM+fec2buvX4SilQ5zmvBWlhcWl 4prpbW1jc2t8rbO800zmTAvSAOY9n2WcpDEXFPCRXydiI5G/shb/mjMx1v3XKZiji6UpOE98ZsGImBCJgiyuv6XLHrcsWpOmbZ88DNQQX5asTl F3TRR4wAGcbgiKAIh2BI6enAhYOEuB6mxElCwsQ57lEibUZZnDIYsSP6DmnXydmI9tozNeqATgnplaS0cUCamPIkYX2abeKZcdbsb95T46nvNq G/n3uNiVW4IfYv3Szzvzpdi8IAp6YGQTUlhtHVBblLZrqib25/qUqRQ0Kcxn2KS8KBUc76bBtNamrXvWUm/mYyNav3QZ6b4V3fkgbs/hznPGjW qu5RtXZ5XKnX8lEXsYd9HNI8T1DHORrwyFvgEU94ti6sxLqzJp+pViHX7OLbsh4+AJK2kRk=</latexit>
 
<latexit sha1_base64="RO/dK8kVGHXsLgHj4xx3jPDhHxU=">AAAC yHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgRlxVMG2hLTJJp3VomoTJRCnFjT/gVr9M/AP9C++MKahFdEKSM+fec2buvX4SilQ5zmvBWlhcWl 4prpbW1jc2t8rbO800zmTAvSAOY9n2WcpDEXFPCRXydiI5G/shb/mjMx1v3XKZiji6UpOE98ZsGImBCJgiyuv6XLHrcsWpOmbZ88DNQQX5asTl F3TRR4wAGcbgiKAIh2BI6enAhYOEuB6mxElCwsQ57lEibUZZnDIYsSP6DmnXydmI9tozNeqATgnplaS0cUCamPIkYX2abeKZcdbsb95T46nvNq G/n3uNiVW4IfYv3Szzvzpdi8IAp6YGQTUlhtHVBblLZrqib25/qUqRQ0Kcxn2KS8KBUc76bBtNamrXvWUm/mYyNav3QZ6b4V3fkgbs/hznPGjW qu5RtXZ5XKnX8lEXsYd9HNI8T1DHORrwyFvgEU94ti6sxLqzJp+pViHX7OLbsh4+AJK2kRk=</latexit>
FIG. S3: Dependence of the optimal parameters kˆi on the external parameters s, p and β. The default parameters are as in
Fig. 2. The solution (red line) is found to be given by Eq. (6) (black dotted line, masked in most case under the red line),
except for lˆe where small deviations are visible. The dependence of kˆe is not shown as kˆe =∞ in all cases.
16
lr
<latexit sha1_base64="AxvBFz vnfzrlP7hYn3nQLXuHKiQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgpsuKthVqKUk6rUMnDyYTpRTBH3Crnyb+gf6Fd8YU1CI6Ic mZc+85M/dePxE8VY7zWrAWFpeWV4qrpbX1jc2t8vZOO40zGbBWEItYX vleygSPWEtxJdhVIpkX+oJ1/PGZjndumUx5HF2qScJ6oTeK+JAHniLq QvRlv1xxqo5Z9jxwc1BBvppx+QXXGCBGgAwhGCIowgIeUnq6cOEgIa6 HKXGSEDdxhnuUSJtRFqMMj9gxfUe06+ZsRHvtmRp1QKcIeiUpbRyQJq Y8SVifZpt4Zpw1+5v31Hjqu03o7+deIbEKN8T+pZtl/lena1EY4tTUw KmmxDC6uiB3yUxX9M3tL1UpckiI03hAcUk4MMpZn22jSU3tureeib+Z TM3qfZDnZnjXt6QBuz/HOQ/atap7VK2dH1fqtXzURexhH4c0zxPU0UA TLfIe4RFPeLYaVmRl1t1nqlXINbv4tqyHD4hRkEo=</latexit>
za
<latexit sha1_base64="czAFJL uKReCx0MC8GItFrmQQ4Vw=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgpsuK9gG1lMl0WkPTJEwmSi2CP+BWP038A/0L74wpqEV0Qp Iz595zZu69Xhz4iXKc15y1sLi0vJJfLaytb2xuFbd3mkmUSi4aPAoi2 fZYIgI/FA3lq0C0YynY2AtEyxud6XjrRsjEj8JLNYlFd8yGoT/wOVNE Xdz1WK9YcsqOWfY8cDNQQrbqUfEFV+gjAkeKMQRCKMIBGBJ6OnDhICa uiylxkpBv4gL3KJA2pSxBGYzYEX2HtOtkbEh77ZkYNadTAnolKW0ckC aiPElYn2abeGqcNfub99R46rtN6O9lXmNiFa6J/Us3y/yvTteiMMCpq cGnmmLD6Op45pKaruib21+qUuQQE6dxn+KSMDfKWZ9to0lM7bq3zMTf TKZm9Z5nuSne9S1pwO7Pcc6DZqXsHpUr58elaiUbdR572MchzfMEVdR QR4O8h3jEE56tmhVaqXX7mWrlMs0uvi3r4QOBTZBH</latexit>
ka
<latexit sha1_base64="EmZ4WY M2tBt90QWluhMf1hqvfk0=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgpsuKthVqKcl0WofmxWSilCL4A27108Q/0L/wzpiCWkQnJD lz7j1n5t7rJ4FIleO8FqyFxaXlleJqaW19Y3OrvL3TTuNMMt5icRDLK 99LeSAi3lJCBfwqkdwL/YB3/PGZjnduuUxFHF2qScJ7oTeKxFAwTxF1 Me57/XLFqTpm2fPAzUEF+WrG5RdcY4AYDBlCcERQhAN4SOnpwoWDhLg epsRJQsLEOe5RIm1GWZwyPGLH9B3RrpuzEe21Z2rUjE4J6JWktHFAmp jyJGF9mm3imXHW7G/eU+Op7zahv597hcQq3BD7l26W+V+drkVhiFNTg 6CaEsPo6ljukpmu6JvbX6pS5JAQp/GA4pIwM8pZn22jSU3tureeib+Z TM3qPctzM7zrW9KA3Z/jnAftWtU9qtbOjyv1Wj7qIvawj0Oa5wnqaKC JFnmP8IgnPFsNK7Iy6+4z1Srkml18W9bDB12PkDg=</latexit>
kˆi
<latexit sha1_base64="LaZ1Ji qXQVGoz+P4Mw3F9Yzc7i4=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgxo1QwT7AlpJMp+3QNAnJRKjVpT/gVv9L/AP9C++MU1CL6I QkZ849587ce/04EKl0nNectbC4tLySXy2srW9sbhW3dxpplCWM11kUR EnL91IeiJDXpZABb8UJ98Z+wJv+6EzFmzc8SUUUXslJzDtjbxCKvmCe JKrVHnrSHnVFt1hyyo5e9jxwDSjBrFpUfEEbPURgyDAGRwhJOICHlJ5 ruHAQE9fBlLiEkNBxjnsUyJuRipPCI3ZE3wHtrg0b0l7lTLWb0SkBvQ k5bRyQJyJdQlidZut4pjMr9rfcU51T3W1Cf9/kGhMrMST2L99M+V+fq kWij1Ndg6CaYs2o6pjJkumuqJvbX6qSlCEmTuEexRPCTDtnfba1J9W1 q956Ov6mlYpVe2a0Gd7VLWnA7s9xzoNGpewelSuXx6VqxYw6jz3s45D meYIqzlFDXc/xEU94ti6s1Lq17j6lVs54dvFtWQ8fTiuSKw==</late xit> zˆi
<latexit sha1_base64="zBWBphD/4JfAyDbFbLjDnRzZBAI=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT6gLSVJp+3QvJhMhLa69Afc6n+Jf6B/4Z0xBbWITkhy5txz7sy91419nkjLes0ZS8srq 2v59cLG5tb2TnF3r5FEqfBY3Yv8SLRcJ2E+D1ldcumzViyYE7g+a7rjCxVv3jKR8Ci8kZOYdQNnGPIB9xxJVKszcqQ57fFesWSVLb3MRWBnoIR s1aLiCzroI4KHFAEYQkjCPhwk9LRhw0JMXBcz4gQhruMM9yiQNyUVI4VD7Ji+Q9q1MzakvcqZaLdHp/j0CnKaOCJPRDpBWJ1m6niqMyv2t9wzn VPdbUJ/N8sVECsxIvYv31z5X5+qRWKAc10Dp5pizajqvCxLqruibm5+qUpShpg4hfsUF4Q97Zz32dSeRNeueuvo+JtWKlbtvUyb4l3dkgZs/xz nImhUyvZJuXJ9WqpWslHncYBDHNM8z1DFJWqo6zk+4gnPxpWRGFPj7lNq5DLPPr4t4+EDcemSOg==</latexit>
kˆi
<latexit sha1_base64="LaZ1Ji qXQVGoz+P4Mw3F9Yzc7i4=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgxo1QwT7AlpJMp+3QNAnJRKjVpT/gVv9L/AP9C++MU1CL6I QkZ849587ce/04EKl0nNectbC4tLySXy2srW9sbhW3dxpplCWM11kUR EnL91IeiJDXpZABb8UJ98Z+wJv+6EzFmzc8SUUUXslJzDtjbxCKvmCe JKrVHnrSHnVFt1hyyo5e9jxwDSjBrFpUfEEbPURgyDAGRwhJOICHlJ5 ruHAQE9fBlLiEkNBxjnsUyJuRipPCI3ZE3wHtrg0b0l7lTLWb0SkBvQ k5bRyQJyJdQlidZut4pjMr9rfcU51T3W1Cf9/kGhMrMST2L99M+V+fq kWij1Ndg6CaYs2o6pjJkumuqJvbX6qSlCEmTuEexRPCTDtnfba1J9W1 q956Ov6mlYpVe2a0Gd7VLWnA7s9xzoNGpewelSuXx6VqxYw6jz3s45D meYIqzlFDXc/xEU94ti6s1Lq17j6lVs54dvFtWQ8fTiuSKw==</late xit>
kˆi
<latexit sha1_base64="LaZ1Ji qXQVGoz+P4Mw3F9Yzc7i4=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgxo1QwT7AlpJMp+3QNAnJRKjVpT/gVv9L/AP9C++MU1CL6I QkZ849587ce/04EKl0nNectbC4tLySXy2srW9sbhW3dxpplCWM11kUR EnL91IeiJDXpZABb8UJ98Z+wJv+6EzFmzc8SUUUXslJzDtjbxCKvmCe JKrVHnrSHnVFt1hyyo5e9jxwDSjBrFpUfEEbPURgyDAGRwhJOICHlJ5 ruHAQE9fBlLiEkNBxjnsUyJuRipPCI3ZE3wHtrg0b0l7lTLWb0SkBvQ k5bRyQJyJdQlidZut4pjMr9rfcU51T3W1Cf9/kGhMrMST2L99M+V+fq kWij1Ndg6CaYs2o6pjJkumuqJvbX6qSlCEmTuEexRPCTDtnfba1J9W1 q956Ov6mlYpVe2a0Gd7VLWnA7s9xzoNGpewelSuXx6VqxYw6jz3s45D meYIqzlFDXc/xEU94ti6s1Lq17j6lVs54dvFtWQ8fTiuSKw==</late xit>
zˆi
<latexit sha1_base64="zBWBphD/4JfAyDbFbLjDnRzZBAI=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT6gLSVJp+3QvJhMhLa69Afc6n+Jf6B/4Z0xBbWITkhy5txz7sy91419nkjLes0ZS8srq 2v59cLG5tb2TnF3r5FEqfBY3Yv8SLRcJ2E+D1ldcumzViyYE7g+a7rjCxVv3jKR8Ci8kZOYdQNnGPIB9xxJVKszcqQ57fFesWSVLb3MRWBnoIR s1aLiCzroI4KHFAEYQkjCPhwk9LRhw0JMXBcz4gQhruMM9yiQNyUVI4VD7Ji+Q9q1MzakvcqZaLdHp/j0CnKaOCJPRDpBWJ1m6niqMyv2t9wzn VPdbUJ/N8sVECsxIvYv31z5X5+qRWKAc10Dp5pizajqvCxLqruibm5+qUpShpg4hfsUF4Q97Zz32dSeRNeueuvo+JtWKlbtvUyb4l3dkgZs/xz nImhUyvZJuXJ9WqpWslHncYBDHNM8z1DFJWqo6zk+4gnPxpWRGFPj7lNq5DLPPr4t4+EDcemSOg==</latexit>
lˆe
<latexit sha1_base64="/Zx+aQqem5KtQRQDCUpYF9cpyQo=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT7AlpJMp23oNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce/1YBFI5zmvOWlhcW l7JrxbW1jc2t4rbOw0ZpQnjdRaJKGn5nuQiCHldBUrwVpxwb+wL3vRHZzrevOGJDKLwSk1i3hl7gzDoB8xTRLXaQ0/Zosu7xZJTdsyy54GbgRK yVYuKL2ijhwgMKcbgCKEIC3iQ9FzDhYOYuA6mxCWEAhPnuEeBvCmpOCk8Ykf0HdDuOmND2uuc0rgZnSLoTchp44A8EekSwvo028RTk1mzv+Wem pz6bhP6+1muMbEKQ2L/8s2U//XpWhT6ODU1BFRTbBhdHcuypKYr+ub2l6oUZYiJ07hH8YQwM85Zn23jkaZ23VvPxN+MUrN6zzJtind9Sxqw+3O c86BRKbtH5crlcalayUadxx72cUjzPEEV56ihbub4iCc8WxeWtG6tu0+plcs8u/i2rIcPRw2SKA==</latexit>
kˆi
<latexit sha1_base64="LaZ1Ji qXQVGoz+P4Mw3F9Yzc7i4=">AAACy3icjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgxo1QwT7AlpJMp+3QNAnJRKjVpT/gVv9L/AP9C++MU1CL6I QkZ849587ce/04EKl0nNectbC4tLySXy2srW9sbhW3dxpplCWM11kUR EnL91IeiJDXpZABb8UJ98Z+wJv+6EzFmzc8SUUUXslJzDtjbxCKvmCe JKrVHnrSHnVFt1hyyo5e9jxwDSjBrFpUfEEbPURgyDAGRwhJOICHlJ5 ruHAQE9fBlLiEkNBxjnsUyJuRipPCI3ZE3wHtrg0b0l7lTLWb0SkBvQ k5bRyQJyJdQlidZut4pjMr9rfcU51T3W1Cf9/kGhMrMST2L99M+V+fq kWij1Ndg6CaYs2o6pjJkumuqJvbX6qSlCEmTuEexRPCTDtnfba1J9W1 q956Ov6mlYpVe2a0Gd7VLWnA7s9xzoNGpewelSuXx6VqxYw6jz3s45D meYIqzlFDXc/xEU94ti6s1Lq17j6lVs54dvFtWQ8fTiuSKw==</late xit>
zˆi
<latexit sha1_base64="zBWBphD/4JfAyDbFbLjDnRzZBAI=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT6gLSVJp+3QvJhMhLa69Afc6n+Jf6B/4Z0xBbWITkhy5txz7sy91419nkjLes0ZS8srq 2v59cLG5tb2TnF3r5FEqfBY3Yv8SLRcJ2E+D1ldcumzViyYE7g+a7rjCxVv3jKR8Ci8kZOYdQNnGPIB9xxJVKszcqQ57fFesWSVLb3MRWBnoIR s1aLiCzroI4KHFAEYQkjCPhwk9LRhw0JMXBcz4gQhruMM9yiQNyUVI4VD7Ji+Q9q1MzakvcqZaLdHp/j0CnKaOCJPRDpBWJ1m6niqMyv2t9wzn VPdbUJ/N8sVECsxIvYv31z5X5+qRWKAc10Dp5pizajqvCxLqruibm5+qUpShpg4hfsUF4Q97Zz32dSeRNeueuvo+JtWKlbtvUyb4l3dkgZs/xz nImhUyvZJuXJ9WqpWslHncYBDHNM8z1DFJWqo6zk+4gnPxpWRGFPj7lNq5DLPPr4t4+EDcemSOg==</latexit>
zˆi
<latexit sha1_base64="zBWBphD/4JfAyDbFbLjDnRzZBAI=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT6gLSVJp+3QvJhMhLa69Afc6n+Jf6B/4Z0xBbWITkhy5txz7sy91419nkjLes0ZS8srq 2v59cLG5tb2TnF3r5FEqfBY3Yv8SLRcJ2E+D1ldcumzViyYE7g+a7rjCxVv3jKR8Ci8kZOYdQNnGPIB9xxJVKszcqQ57fFesWSVLb3MRWBnoIR s1aLiCzroI4KHFAEYQkjCPhwk9LRhw0JMXBcz4gQhruMM9yiQNyUVI4VD7Ji+Q9q1MzakvcqZaLdHp/j0CnKaOCJPRDpBWJ1m6niqMyv2t9wzn VPdbUJ/N8sVECsxIvYv31z5X5+qRWKAc10Dp5pizajqvCxLqruibm5+qUpShpg4hfsUF4Q97Zz32dSeRNeueuvo+JtWKlbtvUyb4l3dkgZs/xz nImhUyvZJuXJ9WqpWslHncYBDHNM8z1DFJWqo6zk+4gnPxpWRGFPj7lNq5DLPPr4t4+EDcemSOg==</latexit>
lˆe
<latexit sha1_base64="/Zx+aQqem5KtQRQDCUpYF9cpyQo=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT7AlpJMp23oNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce/1YBFI5zmvOWlhcW l7JrxbW1jc2t4rbOw0ZpQnjdRaJKGn5nuQiCHldBUrwVpxwb+wL3vRHZzrevOGJDKLwSk1i3hl7gzDoB8xTRLXaQ0/Zosu7xZJTdsyy54GbgRK yVYuKL2ijhwgMKcbgCKEIC3iQ9FzDhYOYuA6mxCWEAhPnuEeBvCmpOCk8Ykf0HdDuOmND2uuc0rgZnSLoTchp44A8EekSwvo028RTk1mzv+Wem pz6bhP6+1muMbEKQ2L/8s2U//XpWhT6ODU1BFRTbBhdHcuypKYr+ub2l6oUZYiJ07hH8YQwM85Zn23jkaZ23VvPxN+MUrN6zzJtind9Sxqw+3O c86BRKbtH5crlcalayUadxx72cUjzPEEV56ihbub4iCc8WxeWtG6tu0+plcs8u/i2rIcPRw2SKA==</latexit>
lˆe
<latexit sha1_base64="/Zx+aQqem5KtQRQDCUpYF9cpyQo=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT7AlpJMp23oNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce/1YBFI5zmvOWlhcW l7JrxbW1jc2t4rbOw0ZpQnjdRaJKGn5nuQiCHldBUrwVpxwb+wL3vRHZzrevOGJDKLwSk1i3hl7gzDoB8xTRLXaQ0/Zosu7xZJTdsyy54GbgRK yVYuKL2ijhwgMKcbgCKEIC3iQ9FzDhYOYuA6mxCWEAhPnuEeBvCmpOCk8Ykf0HdDuOmND2uuc0rgZnSLoTchp44A8EekSwvo028RTk1mzv+Wem pz6bhP6+1muMbEKQ2L/8s2U//XpWhT6ODU1BFRTbBhdHcuypKYr+ub2l6oUZYiJ07hH8YQwM85Zn23jkaZ23VvPxN+MUrN6zzJtind9Sxqw+3O c86BRKbtH5crlcalayUadxx72cUjzPEEV56ihbub4iCc8WxeWtG6tu0+plcs8u/i2rIcPRw2SKA==</latexit>
lˆe
<latexit sha1_base64="/Zx+aQqem5KtQRQDCUpYF9cpyQo=">AAA Cy3icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgxo1QwT7AlpJMp23oNAmZiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce/1YBFI5zmvOWlhcW l7JrxbW1jc2t4rbOw0ZpQnjdRaJKGn5nuQiCHldBUrwVpxwb+wL3vRHZzrevOGJDKLwSk1i3hl7gzDoB8xTRLXaQ0/Zosu7xZJTdsyy54GbgRK yVYuKL2ijhwgMKcbgCKEIC3iQ9FzDhYOYuA6mxCWEAhPnuEeBvCmpOCk8Ykf0HdDuOmND2uuc0rgZnSLoTchp44A8EekSwvo028RTk1mzv+Wem pz6bhP6+1muMbEKQ2L/8s2U//XpWhT6ODU1BFRTbBhdHcuypKYr+ub2l6oUZYiJ07hH8YQwM85Zn23jkaZ23VvPxN+MUrN6zzJtind9Sxqw+3O c86BRKbtH5crlcalayUadxx72cUjzPEEV56ihbub4iCc8WxeWtG6tu0+plcs8u/i2rIcPRw2SKA==</latexit>
kr
<latexit sha1_base64="URO0xK sFyMaDL8I9uNKKjqUf5OY=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LLgpsuKthVqKUk6rUPzYjJRShH8Abf6aeIf6F94Z5yCWkQnJD lz7j1n5t7rpyHPpOO8FqyFxaXlleJqaW19Y3OrvL3TzpJcBKwVJGEir nwvYyGPWUtyGbKrVDAv8kPW8cdnKt65ZSLjSXwpJynrRd4o5kMeeJKo i3Ff9MsVp+roZc8D14AKzGom5RdcY4AEAXJEYIghCYfwkNHThQsHKXE 9TIkThLiOM9yjRNqcshhleMSO6TuiXdewMe2VZ6bVAZ0S0itIaeOANA nlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiFNdA 6eaUs2o6gLjkuuuqJvbX6qS5JASp/CA4oJwoJWzPttak+naVW89HX/T mYpV+8Dk5nhXt6QBuz/HOQ/atap7VK2dH1fqNTPqIvawj0Oa5wnqaKC JFnmP8IgnPFsNK7Zy6+4z1SoYzS6+LevhA4XvkEk=</latexit>
kr
<latexit sha1_base64="URO0xKsFyMaDL8I9uNKKjqUf5OY=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuKthVqKUk6rUPzYjJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5t7rpyHPpOO8FqyFxaXll eJqaW19Y3OrvL3TzpJcBKwVJGEirnwvYyGPWUtyGbKrVDAv8kPW8cdnKt65ZSLjSXwpJynrRd4o5kMeeJKoi3Ff9MsVp+roZc8D14AKzGom5Rd cY4AEAXJEYIghCYfwkNHThQsHKXE9TIkThLiOM9yjRNqcshhleMSO6TuiXdewMe2VZ6bVAZ0S0itIaeOANAnlCcLqNFvHc+2s2N+8p9pT3W1Cf 994RcRK3BD7l26W+V+dqkViiFNdA6eaUs2o6gLjkuuuqJvbX6qS5JASp/CA4oJwoJWzPttak+naVW89HX/TmYpV+8Dk5nhXt6QBuz/HOQ/atap 7VK2dH1fqNTPqIvawj0Oa5wnqaKCJFnmP8IgnPFsNK7Zy6+4z1SoYzS6+LevhA4XvkEk=</latexit>
kr
<latexit sha1_base64="URO0xKsFyMaDL8I9uNKKjqUf5OY=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuKthVqKUk6rUPzYjJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5t7rpyHPpOO8FqyFxaXll eJqaW19Y3OrvL3TzpJcBKwVJGEirnwvYyGPWUtyGbKrVDAv8kPW8cdnKt65ZSLjSXwpJynrRd4o5kMeeJKoi3Ff9MsVp+roZc8D14AKzGom5Rd cY4AEAXJEYIghCYfwkNHThQsHKXE9TIkThLiOM9yjRNqcshhleMSO6TuiXdewMe2VZ6bVAZ0S0itIaeOANAnlCcLqNFvHc+2s2N+8p9pT3W1Cf 994RcRK3BD7l26W+V+dqkViiFNdA6eaUs2o6gLjkuuuqJvbX6qS5JASp/CA4oJwoJWzPttak+naVW89HX/TmYpV+8Dk5nhXt6QBuz/HOQ/atap 7VK2dH1fqNTPqIvawj0Oa5wnqaKCJFnmP8IgnPFsNK7Zy6+4z1SoYzS6+LevhA4XvkEk=</latexit>
za
<latexit sha1_base64="czAFJLuKReCx0MC8GItFrmQQ4Vw=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuK9gG1lMl0WkPTJEwmSi2CP+BWP038A/0L74wpqEV0QpIz595zZu69Xhz4iXKc15y1sLi0v JJfLaytb2xuFbd3mkmUSi4aPAoi2fZYIgI/FA3lq0C0YynY2AtEyxud6XjrRsjEj8JLNYlFd8yGoT/wOVNEXdz1WK9YcsqOWfY8cDNQQrbqUfE FV+gjAkeKMQRCKMIBGBJ6OnDhICauiylxkpBv4gL3KJA2pSxBGYzYEX2HtOtkbEh77ZkYNadTAnolKW0ckCaiPElYn2abeGqcNfub99R46rtN6 O9lXmNiFa6J/Us3y/yvTteiMMCpqcGnmmLD6Op45pKaruib21+qUuQQE6dxn+KSMDfKWZ9to0lM7bq3zMTfTKZm9Z5nuSne9S1pwO7Pcc6DZqX sHpUr58elaiUbdR572MchzfMEVdRQR4O8h3jEE56tmhVaqXX7mWrlMs0uvi3r4QOBTZBH</latexit>
za
<latexit sha1_base64="czAFJLuKReCx0MC8GItFrmQQ4Vw=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuK9gG1lMl0WkPTJEwmSi2CP+BWP038A/0L74wpqEV0QpIz595zZu69Xhz4iXKc15y1sLi0v JJfLaytb2xuFbd3mkmUSi4aPAoi2fZYIgI/FA3lq0C0YynY2AtEyxud6XjrRsjEj8JLNYlFd8yGoT/wOVNEXdz1WK9YcsqOWfY8cDNQQrbqUfE FV+gjAkeKMQRCKMIBGBJ6OnDhICauiylxkpBv4gL3KJA2pSxBGYzYEX2HtOtkbEh77ZkYNadTAnolKW0ckCaiPElYn2abeGqcNfub99R46rtN6 O9lXmNiFa6J/Us3y/yvTteiMMCpqcGnmmLD6Op45pKaruib21+qUuQQE6dxn+KSMDfKWZ9to0lM7bq3zMTfTKZm9Z5nuSne9S1pwO7Pcc6DZqX sHpUr58elaiUbdR572MchzfMEVdRQR4O8h3jEE56tmhVaqXX7mWrlMs0uvi3r4QOBTZBH</latexit>
ka
<latexit sha1_base64="EmZ4WYM2tBt90QWluhMf1hqvfk0=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuKthVqKcl0WofmxWSilCL4A27108Q/0L/wzpiCWkQnJDlz7j1n5t7rJ4FIleO8FqyFxaXll eJqaW19Y3OrvL3TTuNMMt5icRDLK99LeSAi3lJCBfwqkdwL/YB3/PGZjnduuUxFHF2qScJ7oTeKxFAwTxF1Me57/XLFqTpm2fPAzUEF+WrG5Rd cY4AYDBlCcERQhAN4SOnpwoWDhLgepsRJQsLEOe5RIm1GWZwyPGLH9B3RrpuzEe21Z2rUjE4J6JWktHFAmpjyJGF9mm3imXHW7G/eU+Op7zahv 597hcQq3BD7l26W+V+drkVhiFNTg6CaEsPo6ljukpmu6JvbX6pS5JAQp/GA4pIwM8pZn22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jnAftWtU 9qtbOjyv1Wj7qIvawj0Oa5wnqaKCJFnmP8IgnPFsNK7Iy6+4z1Srkml18W9bDB12PkDg=</latexit>
ka
<latexit sha1_base64="EmZ4WYM2tBt90QWluhMf1hqvfk0=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuKthVqKcl0WofmxWSilCL4A27108Q/0L/wzpiCWkQnJDlz7j1n5t7rJ4FIleO8FqyFxaXll eJqaW19Y3OrvL3TTuNMMt5icRDLK99LeSAi3lJCBfwqkdwL/YB3/PGZjnduuUxFHF2qScJ7oTeKxFAwTxF1Me57/XLFqTpm2fPAzUEF+WrG5Rd cY4AYDBlCcERQhAN4SOnpwoWDhLgepsRJQsLEOe5RIm1GWZwyPGLH9B3RrpuzEe21Z2rUjE4J6JWktHFAmpjyJGF9mm3imXHW7G/eU+Op7zahv 597hcQq3BD7l26W+V+drkVhiFNTg6CaEsPo6ljukpmu6JvbX6pS5JAQp/GA4pIwM8pZn22jSU3tureeib+ZTM3qPctzM7zrW9KA3Z/jnAftWtU 9qtbOjyv1Wj7qIvawj0Oa5wnqaKCJFnmP8IgnPFsNK7Iy6+4z1Srkml18W9bDB12PkDg=</latexit>
lr
<latexit sha1_base64="AxvBFzvnfzrlP7hYn3nQLXuHKiQ=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuKthVqKUk6rUMnDyYTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePxE8VY7zWrAWFpeWV 4qrpbX1jc2t8vZOO40zGbBWEItYXvleygSPWEtxJdhVIpkX+oJ1/PGZjndumUx5HF2qScJ6oTeK+JAHniLqQvRlv1xxqo5Z9jxwc1BBvppx+QX XGCBGgAwhGCIowgIeUnq6cOEgIa6HKXGSEDdxhnuUSJtRFqMMj9gxfUe06+ZsRHvtmRp1QKcIeiUpbRyQJqY8SVifZpt4Zpw1+5v31Hjqu03o7 +deIbEKN8T+pZtl/lena1EY4tTUwKmmxDC6uiB3yUxX9M3tL1UpckiI03hAcUk4MMpZn22jSU3tureeib+ZTM3qfZDnZnjXt6QBuz/HOQ/atap 7VK2dH1fqtXzURexhH4c0zxPU0UATLfIe4RFPeLYaVmRl1t1nqlXINbv4tqyHD4hRkEo=</latexit>
lr
<latexit sha1_base64="AxvBFzvnfzrlP7hYn3nQLXuHKiQ=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLgpsuKthVqKUk6rUMnDyYTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePxE8VY7zWrAWFpeWV 4qrpbX1jc2t8vZOO40zGbBWEItYXvleygSPWEtxJdhVIpkX+oJ1/PGZjndumUx5HF2qScJ6oTeK+JAHniLqQvRlv1xxqo5Z9jxwc1BBvppx+QX XGCBGgAwhGCIowgIeUnq6cOEgIa6HKXGSEDdxhnuUSJtRFqMMj9gxfUe06+ZsRHvtmRp1QKcIeiUpbRyQJqY8SVifZpt4Zpw1+5v31Hjqu03o7 +deIbEKN8T+pZtl/lena1EY4tTUwKmmxDC6uiB3yUxX9M3tL1UpckiI03hAcUk4MMpZn22jSU3tureeib+ZTM3qfZDnZnjXt6QBuz/HOQ/atap 7VK2dH1fqtXzURexhH4c0zxPU0UATLfIe4RFPeLYaVmRl1t1nqlXINbv4tqyHD4hRkEo=</latexit>
FIG. S4: Dependence of the optimal parameters kˆi on the physical parameters of the substrate ka, za, kr and lr. The default
parameters are as in Fig. 2. The solution (red line) is found to be given by Eq. (6) (black dotted line, masked in most case
under the red line), except for lˆe where small deviations are visible. The dependence of kˆe is not shown as kˆe =∞ in all cases.
